Introduction
Let A be a Banach algebra, X a Banach A -bimodule. Then we denote by X * the topological dual space of X; the value of x * ∈ X * at x ∈ X is denoted by x, x * .
We recall that X * is a Banach A -bimodule under the actions x, ax * = xa, x * , x, x * a = ax, x * (a ∈ A , x ∈ X, x * ∈ X * ).
A derivation D : A −→ X is a (bounded) linear map such that
For each x ∈ X, δ x (a) = ax − xa is a derivation, which is called inner. The first cohomology group H 
) = {0}, and weakly amenable if A is 1-weakly amenable. For the theory of amenable and weakly amenable Banach algebras see [1] , [2] , [4] , [6] , [8] and [9] for example. Let A be a Banach algebra. Given a * ∈ A * and F ∈ A * * , then F a * and a * F are defined in A * by the formulae a, F a * = a * a, F , a, a * F = aa * , F (a ∈ A ).
Next, for F, G ∈ A * * , F G and F G are defined in A * * by the formulae a * , F G = Ga * , F , a * , F G = a * F, G (a * ∈ A * ).
Then A * * is a Banach algebra with respect to either of the products and . These products are called the first and second Arens products on A * * , respectively. The algebra A is called Arens regular if the two products and coincide. For the general theory of Arens products, see [5] and [10] , for example.
Let A be a Banach algebra, n ∈ ( ∪ {0} and let P n : A (n) −→ A (n+2) be the natural embedding, i.e., ϕ n+1 , P n ϕ n = ϕ n , ϕ n+1 (ϕ n ∈ A (n) , ϕ n+1 ∈ A
),
where A
= A and A (n) is the nth dual of A . We shall require the following standard properties of the Arens products. Suppose (a α ) and (b β ) are nets in A with P 0 a α −→ F and P 0 b β −→ G in (A * * , σ), where σ = σ(A * * , A * ) is the weak * topology on A * * . Then F G = lim
in (A * * , σ). Also, for a ∈ A and F ∈ A * * , we have P 0 (a) F = P 0 (a) F and
By easy calculations we can obtain the following properties of the P n maps.
. It is enough to show that P *
. For ϕ ∈ A (2m−2) and ψ ∈ A (n+2m−3) we have
and so P *
Let A be a Banach algebra. Clearly A (4) is a Banach algebra with four Arens products. We denote these algebras by (
For a ∈ A and ϕ ∈ A (4) it is easy to check that
Let A be a Banach algebra and n ∈ ( . Consider the maps (a
Clearly these maps are continuous and bilinear. Note that with respect to these actions A * is not necessarily a Banach A (2n) -module. By dualizing these actions we obtain continuous bilinear maps from
and so F ·ϕ 2n = F P *
From now on we regard these actions as
Clearly these are continuous bilinear maps, F · ϕ 2n = F P * 
and so (F a * )G = F (a * G). Hence A * is a Banach A * * -bimodule. Now suppose the result has been proved for n. We may assume that A
and so a
Hence A * is a Banach A (2n+2) -bimodule. So we are done by induction. It is well known that every C * -algebra is Arens regular and the second dual of a C * -algebra is a C * -algebra. Therefore, every C * -algebra is completely Arens regular. . For a * ∈ A * , a ∈ A and F, G ∈ A * * we have
Lemma 2.7. Let A be a Banach algebra. Then P 0 (A ) is an ideal in A * * with any of the Arens products if and only if P 2 P 0 (A ) is an ideal in A (4) with any of the Arens products.
. Let P 0 (A ) be an ideal in A * * . For a ∈ A and ϕ ∈ A (4) , one can immediately see that
Therefore P 2 P 0 (A ) is an ideal in A (4) with any of the Arens products on A (4) .
Conversely, let P 2 P 0 (A ) be an ideal in A (4) . Take a ∈ A and F ∈ A * * . It is easy to see that
Proposition 2.8. Let A be a Banach algebra and P 0 (A ) an ideal in A * * . Then . When n = 1 the result is true by Lemma 2.6. Now suppose, inductively, the result has been proved for n−1. We may assume that A
Let a ∈ A , a * ∈ A * and ϕ, ψ ∈ A (2n+2) , and let (ϕ α ), (ψ β ) be nets in A (2n) such that P 2n (ϕ α ) −→ ϕ and P 2n (ψ β ) −→ ψ in the weak * topology. Now we have a, a * · (ϕ ψ) = P 2n−1 . . .
Consequently, A * is a Banach A (2n) -module. 
and ϕ 5 ∈ A (5) we have
Hence P * 2 is an A (4) -module homomorphism between left Banach A (4) -modules.
Conversely, for F ∈ A * * , ϕ 4 ∈ A (4) it is easy to see that
3. N -weak amenability for N ∈ Z Lemma 3.1. Let A be a Banach algebra and D : A −→ A * a derivation. Then
. (i) Let F, G ∈ A * * and let (a α ), (b β ) be nets in A such that P 0 (a α ) −→ F and P 0 (b β ) −→ G in the weak * topology. We have
and so D * *
(ii) The proof is similar to (i). If (A * * , )((A * * , )) is (−1)-weakly amenable, then A is weakly amenable. 
Hence D = δ a * is an inner derivation. . Let D : A −→ A * be a derivation. We claim that
is a derivation. By Proposition 3.4, the result is true for n = 1. Now suppose, inductively, that the result has been proved for n. We may suppose that A
, there exists a * ∈ A * such that d n = δ a * . Using Lemma 1.1 (iv) and Lemma 1.2, we conclude that
Hence D = δ a * is inner. 
is straightforward. 
) * * is a derivation.
. Since A (2n) is Arens regular, A is Arens regular. For ϕ 2n+1 ∈ A (2n+1) ,
By Lemma 1.1 we have
Lemma 3.8. Let A be a Banach algebra and
is straightforward.
Proposition 3.9. Let A be a Banach algebra and let
. By Lemma 3.8, it is clear. 
0 (ψ)+ ϕD (4) (ψ).
. (i) Let ξ, ϕ, ψ ∈ A (4) and let (F α ), (G β ) be nets in A * * such that 
(ii) The proof is similar to (i).
Proposition 3.11. Let A be a Banach algebra and D : A −→ A * a derivation.
) * is a derivation.
. By Lemma 1.1 (iii) we have
(ψ)ξ = ξ, ϕD (4) (ψ) .
Therefore D (4) is a derivation by Lemma 3.10.
We recall that an operator 
. When n = 1, clearly the result is true. Now suppose, inductively, that the result has been proved for n. Let ϕ, ξ ∈ A (2n+2) and let (ϕ α ) be a net in A (2n)
such that P 2n (ϕ α ) −→ ϕ in the weak * topology. Then
Dales, Rodrigues-Palacios and Velasco in [3] proved the following theorem. :
Now we have the same result for A (4) . . Let ξ, ϕ, ψ ∈ A (4) and (F α ), (G β ), (H γ ) be nets in A * * such that
and let a * α be a net in
and so D
(A
)A (4) ⊆ P 3 P 1 (A * ) and by Proposition 3.11, D
: (
* is a derivation. The other part is similar. 
Therefore D = δ a * is inner. Hence A is weakly amenable. 
:
).
(
is Arens regular and D is weakly compact, then D (2n) is a derivation.
Corollary 3.17. Let A be a completely regular Banach algebra such that A (2n) is weakly amenable for some n ∈ ( , and each derivation from A to A * is weakly compact. Then A is weakly amenable.
Lemma 3.18. Let A be an Arens regular Banach algebra such that (A (4) , )
or (A (4) , ) is (−2)-weakly amenable. Then A is 2-weakly amenable. 
